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Geometrical properties of protein ground states are studied using an algebraic approach. It is
shown that independent from inter-monomer interactions, the collection of ground state candidates
for any folded protein is unexpectedly small: For the case of a two-parameter Hydrophobic-Polar
lattice model for L-mers, the number of these candidates grows only as L2. Moreover, the space of
the interaction parameters of the model breaks up into well-defined domains, each corresponding
to one ground state candidate, which are separated by sharp boundaries. In addition, by exact
enumeration, we show there are some sequences which have one absolute unique native state. These
absolute ground states have perfect stability against change of inter-monomer interaction potential.
PACS numbers: 87.10.+e, 87.15.-v, 36.20.Ey, 82.20.Wt
It is well known that the biological functionality of
proteins depends on the shape of their native states.
This native structure is the unique minimum free energy
structure for the protein sequence [1]. Thus, the infor-
mation about effective inter-monomer interaction energy
and coding of the amino acids in the sequence is sufficient
to determine the native structure. There are many ques-
tions about the folding mechanism, stability, sensitivity
to inter-monomer interactions and geometrical proper-
ties of these native states. This has motivated extensive
studies in the subject of the properties of native states in
recent years.
Basically, to determine the native states of a protein
one needs to solve the problem with standard quantum
mechanical calculations, however the complexity of these
macromolecules renders this impossible. A feasible ap-
proach to this problem is based on a coarse-grained view
to proteins. The most important point in this approach is
the choice of effective interactions between the monomers
[2]. In this approach, all the necessary information about
the protein’s structure is encoded in a binary contact
matrix (M). The non-zero elements of this matrix corre-
spond to non-sequential neighbor monomers in the con-
figuration [3]. However, the shapes of the native states
of sequences depend on the inter-monomer interactions
[4], but there are some geometrical properties which dis-
tinguish the native state from other configurations [5–8].
The number of possible configurations for an L-mer is
equal to the number of self avoiding walks with L − 1
steps. Since many of these walks give the same con-
tact matrix, the number of possible contact matrices are
much smaller [6], although it is still very large, and grows
exponentially with the length of protein. There have
been some attempts to reduce the number of possible
protein configurations by considering the compact struc-
ture space [9], or the minimum energy compact struc-
ture space [10]. In the present work we look at the ge-
ometric constraints of native states in more detail. We
show that there are some necessary geometrical proper-
ties for a state to be the ground state of a sequence.
This leaves only a few candidates for the ground state of
any sequence. To find the ground state candidates for
any sequence, one need not know anything about inter-
monomer interactions, instead these candidates can be
found by a simple comparison of the contact matrices.
One can then find the ground state from among these
candidates by taking the inter-monomer interactions into
account. By limiting the number of ground state can-
didates, this method introduces a stability against the
variation of interaction parameters and vastly reduces
the computer time needed to find the native state for
a particular sequence as one need not search through a
huge number of configuration.
Without loss of generality, we use a hydrophobic-polar
(HP) lattice model [11] in this paper. The argument
can be generalized to any model with any number of
monomer types with short range interactions. The gen-
eral form of interactions between H and P monomers in
an HP model can be written as follows [7,12]:
EHH = −2− γ − Ec,
EHP = −1− Ec,
EPP = −Ec. (1)
These potential energies are only between the non-
sequential nearest neighbours. Here γ and Ec are the
mixing and compactness potentials respectively, two
free parameters which are determined from experimental
data. The compactness of the native states [9] together
with some physical arguments about inter-monomer in-
teractions such as [13]:
EHH < EHP < EPP ,
EHH + EPP < 2EHP , (2)
restrict γ and Ec to positive values (γ,Ec > 0), however,
we need not consider such restrictions in our arguments.
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At the first sight it might seem possible to arrive at any
native state for a given sequence by changing γ and Ec,
but when we consider the geometrical properties of the
ground state, we will find that these parameters are not
powerful enough to select any configuration as the native
state and native states are stable against the change of
interaction parameters, in fact, universal solutions can
be found for native states.
As explained in our previous works [7,8] if we consider
H = −1 for hydrophobic monomers and P = 0 for polar
monomers, a given sequence can then be represented by
a binary vector (σ). The energy of this sequence in a
configuration characterized by a contact matrix M , can
be written as:
E = −m− aγ − bEc, (3)
where m, a and b are three integers, related to σand M
as follows:
m = −σt ·M · 1,
a =
1
2
σ
t ·M · σ,
b =
1
2
1t ·M · 1. (4)
Therfore, m is equal to the number of all non-sequential
neighbors of H monomers in the configuration, a is the
number of H-H contacts and b is the number of all con-
tacts. It can be seen easily that the following inequalities
hold.
m− b ≤ a ≤
m
2
≤ b. (5)
Equation 3 suggests that the energy levels of a given
sequence can be described by three integer numbers
(m, a, b). It is highly probable that these states are de-
generate. There are three kinds of degeneracy: (Type 1)
M = M ′ in which case two or more configurations with
different shapes have the same contact matrix. These
configurations will remain degenerate for any sequence,
and any choice of γ and Ec. This type of degeneracy is
more probable for configurations with low compactness.
note that the configurations which are related to each
other by spatial symmetries i.e. rotation, reflection, etc.,
are the same and are not considered as separate. (Type
2) (m, a, b) = (m′, a′, b′) but M 6= M ′; in this case one
particular sequence has the same m, a and b values in
two or more configurations. This degeneracy persist for
any value of γ and Ec, but may dissappear for another se-
quence. Although this degeneracy depends on sequence
coding, but the b = b′ condition is purely geometrical,
and is a necessary condition for this degeneracy. (Type
3) E = E′, but (m, a, b) 6= (m′, a′, b′); one sequence
has the same energy in two different states (m, a, b) and
(m′, a′, b′), provided γ and Ec obey the following relation:
(m−m′) + (a− a′)γ + (b− b′)Ec = 0. (6)
This degeneracy is related to both sequence coding σand
inter-monomer interactions.
The first type of these degeneracies is completely geo-
metric. The second one depends on both geometry and
sequence arrangement. These two types don’t depend
on the values of the interaction energies. Thus, in the
energy spectrum of any sequence there are some states
which, independent of the potential, are degenerate. If
the ground state of one sequence is one of these degener-
ate states, it means that this sequence has not a unique
native structure. The third type is not actually a de-
generacy at all. Equation 6 corresponds a line in the
parameter space of Ec and γ. This line is a level crossing
line. Degeneracy occurs only on the line, and it needs
highly accurate fine tuning. For the two sets of inter-
action energy parameters on the two sides of this line,
the energy ordering of states is different. For any pair
of states there is such an ordering line. By drawing all
ordering lines in the space of Ec and γ, this space is di-
vided into many ordering zones. We are only interested
in the ground state, which means that many of these or-
dering lines are not relevant. Some of them only govern
the ordering of excited states. By removing the irrele-
vant lines, one gets a diagram which shows the ground
state cells (Fig. 1). As mentioned before changing the
inter-monomer interaction parameters inside any of these
cells does not change the ground state. Mourik et al.
[14] introduced this picture to show stability of native
states against the interaction parameters [15]. They only
looked at one of these cells in the neighbourhood of se-
lected interaction values. But by looking at the whole
energy space, one can find all possible ground states and
their corresponding cells. Any such cell in the space of
energy parameters associates with one ground state can-
didate. The number of cells is the number of candidates
(Gc(σ)) for ground state. By drawing such diagram, one
can easily find the ground state for any choice of Ec and
γ. Fig. 1 shows this diagram for an 18-mer, which is
the result of an exact enumeration of a two dimensional
folding problem. The interesting point is that the num-
ber of ground state candidates is very small. In this ex-
ample there are only five possible ground states. The
cells marked with the numbers “1” and “2” correspond
to type 1 and 2 degenerate states respectively, therefore
there is no unique native structure for these cells. The
sequence in this example has two nondegenerate states.
These structures are shown in the figure. It is possible
that all the ground state candidates of a given sequence
are degenerate. These sequences constitute universally
bad sequences for any value of interaction parameters. It
means that they do not have a native structure.
In Fig. 2 the histogram of Gc(σ) for all 2
18 sequences
is shown. The narrow line in this figure shows the result
for all 218 sequences, and the thick line shows the remain-
ing sequences after removing the bad ones. The interest-
ing point in this diagram is the smallness of the mean
value of Gc(σ), (1.49 for all sequences and 1.7 for good
sequences). The maximum of Gc(σ) for 18-mers is 6,
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and only 2 sequences with length 18 have this maximum.
Comparison of Gc(σ) for these sequences with the num-
ber of all configurations (∼ 107), shows that the geomet-
ric constraints play an important role in choosing a state
as the ground state. As this diagram shows, there are
some sequences which regardless of the values for energy
parameters, have only one unique ground state. Fig. 3
shows one of these sequences and its unique native struc-
ture. Indeed the native state of these sequences have
perfect stability with respect to energy parameters. This
enumeration shows that nearly 17.8% of the 218 possi-
ble sequences have perfect stability and absolute unique
native states. Interestingly, our enumeration shows that
these absolute native structures are between the most
compact structures. Although the ratio of the perfectly
stable proteins to all possible proteins decreases with in-
creasing L, their actual number increases [16]. This sug-
gests that for the proteins with typical length near natu-
ral proteins there are a small but non-zero fraction of per-
fectly stable sequences. The existence of these sequences
may answer some questions about protein folding. Their
number is small compared with the huge number of the
possible amino-acids sequences, their native states are
highly compact and are stable against the changes in the
inter-monomer interactions.
The reason that there are few ground state candidates
for any sequence can be described by a geometrical ar-
gument. Consider a three dimensional space with axes
X , Y and Z. Any state is represented by a point with
coordinates a, b and m in this space (Fig. 4). All the
states will be inside a pyramid according to equation 5.
For any value of γ and Ec, let’s consider the following
plane perpendicular to the vector (γ,Ec, 1):
z = −γx− Ecy + (z0 + γx0 + Ecy0). (7)
If this plane contains the point (x0, y0, z0) = (a, b,m),
the z value on the Z axis will be equal to −E. Thus, to
find the ground state it is enough to move this plane from
above until it touches a state. This state is the ground
state. From this picture it is obvious that the possible
ground states are in the corners of the convex hull of the
set of points (i.e. the polyhedral envelope of the states).
If γ and Ec can become negative, all the corner points
which can be seen from the top view of this polyhedron,
are ground state candidates, but clearly that for posi-
tive values of γ and Ec the number of possible ground
states is even smaller. The cross section of the pyra-
mid with a horizontal plane is a rectangle. For positive
values of Ec and γ there is an upper limit for possible
ground sates. It is equal to the number of possible states
in the biggest horizontal rectangular cross section of the
pyramid. However the number of configurations grows
as zL
eff
, where zeff is effective coordination number [17],
but the number of ground state candidates grows very
slower. The maximum number of contacts is of the order
of the length of the sequence, i.e. bMax ∼ L. Thus this
upper limit grows as L2. This shows that the number
of ground state candidates grows much more slowly than
the number of configurations. For example, for 18-mers
bMax = 10, the biggest cross section is a 6× 6 rectangle.
It thus gives 36 as the maximum number of ground state
candidates. As can be seen in Fig. 2, the maximum num-
ber of ground state candidates for 18-mers is 6 according
to exact enumeration, which is still much smaller than
the above estimate.
The dimension of state space is related to the model
and the number of energy parameters. For example, If
we look for the ground state in the space of compact con-
figurations, Ec is an irrelevant parameter. In this special
case the space of energy parameters is one dimensional
(only γ), and the space of states is two dimensional (a
and m) [7,8]. This argument can be generalized to mod-
els with more than two kinds of monomers, and also to
off-lattice models. For off-lattice models, it is necessary
for the energy function between monomers to be in the
form of a step potential. For this form, a contact matrix
can give the configuration energy by a relation similar to
equation 3. If the inter-monomer interaction has t free
parameters, the energy levels can be described by t + 1
integer. The introduction of n-body interaction (n > 2)
only increases this difference the dimensionalities of state
space and the space of energy parameters [18]. Therfore,
quite generally, the ground state candidates of any given
sequence are between the corner states of a hyper poly-
hedron in a hyper space which is very smaller than the
number of all possible structures.
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Figure Captions
Figure 1.
The space of energy parameters for one particular sequence which is shown in
the top of the picture is divided to five cells. The integer numbers (m, a, b),
inside any cell indicate the ground state corresponding to the cells. Three of
these states are degenerate. The types of degeneracies for degenerate states
and shape of structures for non-degenerates are indicated in the cells.
Figure 2.
The histogram of the number of ground state candidates for 18-mers with
positive values of γ and Ec . The narrow and thick lines show the results for all
sequences and good sequences respectively. There are some “good sequences”
with only one ground state candidate.
Figure 3.
One perfectly stable sequence and its absolute native structure. For any posi-
tive value of γ and Ec this sequence is folded uniquely in the shown structure.
Figure 4.
State space of the particular sequence which is shown in figure 1. All states
are inside a diamond like polygon inside a pyramid. Top viewed corner points
of this polygon are the ground state candidates.
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